This paper discusses and summarizes some results on complex variables that are very useful in fractional-order systems analysis and design, specifically when the system is analyzed in the frequency domain. The author hopes that this document will serve as a handy reference when performing computations with complex variables, especially when working within the Laplace or Fourier domains. The reader can refer to Table I for the summary of these formulas.
Basics
A complex variable s = σ + jω has two parts: the real part represented by the variable σ and an imaginary part represented by the variable ω. The real part of z is denoted by Re (s) such that Re (s) = σ, while the imaginary part of s is denoted by Im (s) such that Im (s) = ω.
Complex variables can also be added and multiplied. Consider two complex variables s 1 = σ 1 + jω 1 and s 2 = σ 2 + jω 2 . The following complex variable properties hold: s 1 + s 2 = (σ 1 + jω 1 ) + (σ 2 + jω 2 ) = (σ 1 + σ 2 ) + j (ω 1 + ω 2 ) , and
A complex variable s can be geometrically considered as a vector with a length (also known as magnitude or modulus) and direction (also known as argument or angle) in either radians or degrees. The magnitude of a complex variable s is obtained using the formula
while the argument of the complex variable s is obtained using the formula
The magnitude of the product of two complex numbers s 1 and s 2 is the product of their magnitudes, i.e. |s 1 s 2 | = |s 1 | |s 2 |. The argument of the product of two complex numbers is the sum of their arguments, i.e. arg s 1 s 2 = arg s 1 + arg s 2 .
Roots of Complex Variables
One of the most-important formula by de Moivre's is
for 0 ≤ k ≤ n, and where r = |s| = √ σ 2 + ω 2 and ϕ = arg s = tan −1 (ω/σ) in radians are the magnitude and arguments of s, respectively. This property is very important especially when n > 1 because this allow us to evaluate the complex variable with a fractional exponent, i.e. s 1/n , which is predominant in fractional-order systems. An example of a fractional-order transfer function is
which is an example of a fractional-order capacitor with pseudo-capacitance C = 1/10, 000 = 100 µF/ √ sec. The reader may refer to [1] on discussions about capacitor theory.
Results

Preliminary Case:
Since 0 < α < 1, it is assumed that the exponent of the complex variable s is a fraction. For simplicity, let's assign n = 1/a so we can easily use de Moivre's formula in (2.1). The magnitude of s = σ + jω is r = √ σ 2 + ω 2 while its argument is ϕ = arg (s) = arg (σ + jω) = tan −1 (ω/α). Through de Moivre's formula, the following equation is obtained
Using the values of r and ϕ in the equation results in
, and since n = 1/a, the equation can be rearragned as
By assuming k = 0, Equation (3.1) can be rewritten as
Although this result may not be usually used for systems analysis because we only normally use the imaginary part of the complex variable in both the Laplace and Fourier transforms, this result is still beneficial to easily derive the results in the next cases.
Case 1:
This is a case where the real part is zero, σ = 0. By using the previous result in Equation (3.2), and letting σ = 0, we can obtain another relationship.
The expression can then be rewritten as
It is straightforward to get the magnitude of this expression. Since the magnitude can be expressed as a product of their individual magnitudes, we can write this expression to get the magnitude as
The left multiplicand is a pure real variable therefore |ω α | = ω α . The right multiplicand is a complex variable therefore we use Pythagorean theorem to get its magnitude which is cos 2 (απ/2) + sin 2 (απ/2). However, a well-known property in trigonometry states that cos 2 θ + sin 2 θ = 1, therefore the entire square root term becomes unity. The magnitude of Equation (3.3) then simply becomes
To get the argument of (jω) α , we need to know that the argument of the product of two multiplicands is the sum of their arguments. We can now write this as arg (jω) α = arg ω α + arg cos απ 2 + j sin απ 2 in radians. The argument of ω α which we can rewrite as ω α = ω α + j0 is tan −1 (0/ω α ) = 0. The argument of cos (απ/2) + j sin (απ/2) is tan −1 sin (απ/2) cos (απ/2) which can also be represented as tan
in radians. 
Case II:
It is necessarily to have these terms rearranged to cluster the real and imaginary components separately a (jω)
because such arrangement is beneficial when getting the magnitude and argument of Equation (3.6).
The magnitude response of Equation (3.6) is obtained as 
Summary
We now summarize the results in Table I for the reader's convenience. Case I is a simple case where the magnitude and argument of the term (jω) α is easily determined through straightfoward trigonometry. Case II, on the other hand, is a case mostly found in many fractional calculus applications especially in engineering. Having a = 1 and b = 0 for Case II make it equivalent to Case I.
